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0. Introdution
The representation theory of partially ordered sets (posets) in linear vetor spaes
has beame one of the lassial eld in linear algebra (see [1, 2, 3, 4℄ and other).
See Setion 1 for the details.
On other hand when one try to develop the similar theory for Hilbert spaes,
one will be faed with diulties even with three subspae two of whih is orthog-
onal: it is impossible to obtain their desription in reasonable way (it is so alled
∗-wild problem) see [5, 6℄ . But adding linear relation
α1P1 + . . .+ αnPn = γI,
between the projetions Pi on orresponding subspaes, in some ases gives nie
answers whih have deep interonnetions with linear ase (see Setion 2 for the
details).
The aim of this artile is to show that eah linear representation of primitive
poset of nite type ould be unitarized with some weight χ = (α1, . . . , αn, γ) and
to desribe all possible weights χ appropriated to the unitarization for given linear
representation of primitive poset (Setion 3).
This work has been partially supported by the Sienti Program of National Aademy of Sienes
of Ukraine, Projet No 0107U002333.
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1. Posets and their linear representations
In this setion we will briey reall some results onerning to partially ordered
sets and their linear representation.
1.1. Posets and Hasse diagrams
Let (N ,≺) be nite partially ordered set (or poset for short) whih for us will be
{1, . . . , n}. By the width of the poset N we will understand the maximal number
of two by two inomparable elements of this set.
The poset N of the width m alled primitive and denoted by (k1, . . . , km)
if this set is the ardinal sum of m linearly ordered sets N1, . . . ,Nm with orders
k1, . . . , km.
We will use the standard graphi representations for the poset (N ,≺) alled
Hasse diagram. This representation assoiate to eah point x ∈ N the vertex vx
and the arrow vx → vy if x ≺ y and there is no z ∈ N , suh that x ≺ z ≺ y. For
example let N = {1, 2, 3, 4, 5, 6} with the following order:
2 ≺ 1, 2 ≺ 3, 4 ≺ 3, 6 ≺ 5,
then the orresponding Hasse diagram is the following:
✻
❝
❝
✻
 
 ✒
❝
❝
✻
❝
❝
v2
v1
v4
v3
v6
v5
For eah primitive poset N = (k1, ...km) its Hasse diagram has the following form:
✻
❝
❝
q
q
q
q q q
✻
❝
❝
v
(1)
1
v
(1)
2
v
(1)
k1−1
v
(1)
k1
✻
❝
❝
q
q
q
✻
❝
❝
v
(m)
1
v
(m)
2
v
(m)
km−1
v
(m)
km
1.2. Linear representations of posets. Indeomposability and Briks
By the linear representation π of the poset N in some omplex vetor spae V we
will understand suh orrespondene to eah element i ∈ N the subspae Vi ⊂ V ,
that i ≺ j implies Vi ⊆ Vj . We will denote the representation π in the following
way: π = (V ;V1, . . . , Vn), where n is the ardinality of N , and for the primitive
posets (k1, . . . , km) we will use the following notation π = (V ;V
(1)
1 , . . . , V
(1)
k1
; . . . ;
V
(m)
1 , . . . , V
(m)
km
).
By the dimension vetor dpi of the representation π we will understand the
vetor dpi = (d0; d1, . . . , dn), where d0 = dimV , di = dimVi (orrespondingly
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for representations of primitive posets the dimensional vetor will be denoted by
dpi = (d0; d
(1)
1 , . . . , d
(1)
k1
; . . . ; d
(m)
1 , . . . , d
(m)
km
)).
In fat the linear representations of poset N forms the additive ategory
Rep(N ), where the set of morphismsMor(π1, π2) between two representations π1 =
(V ;V1, . . . , Vn) and π2 = (W ;W1, . . . ,Wn) onsists of suh linear maps C : V →
W , that C(Vi) ⊂ Wi. Two representations π1 and π2 of poset N are isomorphi
(or equivalent) if there exists invertible morphism C ∈Mor(π1, π2), i.e. there exist
invertible linear map C : V → W suh that C(Vi) = Wi.
One an dene the diret sum π = π1 ⊕ π2 of two objets π1, π2 ∈ N in the
following way:
π = (V ⊕W ;V1 ⊕W1, . . . , Vn ⊕Wn).
Using the notion of diret sum it is natural to dene indeomposable represen-
tations as the representations that are not isomorphi to the diret sum of two
non-zero representations, otherwise representations are alled deomposable. It is
easy to show that representation π is indeomposable i there exist no non-trivial
idempotents in End(π). The representation π is alled brik if there is no non-trivial
endomorphism of this representation. One an show that brik implies indeom-
posability. But there exist indeomposable representations of posets whih are not
'brik': let us take
Aα =
(
1 α
0 1
)
, α ∈ R\{0},
the orresponding representation πα = (V ;V1, V2, V3, V4) of the posetN = (1, 1, 1, 1)
V = C2 ⊕ C2; V1 = C
2 ⊕ 0, V2 = 0⊕ C
2,
V3 =
{
(x, x) ∈ C4|x ∈ C2
}
, V4 =
{
(x,Aαx) ∈ C
4|x ∈ C2
}
,
is indeomposable but is not brik.
We all the representation π non-degenerated if the omponents of dimension
vetor dpi satisfy the following onditions:
• di 6= 0;
• if i ≺ j then di < dj ;
• di < d0,
otherwise the representation is alled degenerated. Note that in works [3, 4℄ authors
by term non-degenerated means just rst and seond from above onditions.
1.3. Posets and Quivers
To study the representations of the primitive posets it is helpful to use the well-
developed representation theory of quivers (for the representations of quivers see
for example [7, 8℄).
A quiver Q = (Q0, Q1, s, t : Q1 → Q0) is given by a set of verties Q0, whih
for us will be {v0, . . . , vn}, and a set Q1 of arrows. An arrow ρ ∈ Q1 starts at the
vertex s(ρ) and terminates at t(ρ). A representation X of Q is given by a vetor
spae Xvi for eah vertex vi ∈ Q0 and linear operator Xρ : Xs(ρ) → Xt(ρ). In
similar way as for the posets one an dene the set of morphisms between two
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representations X and Y , indeomposable and briks representations (see [7℄ for
the details).
To eah poset N one an assoiate the quiver QN in the similar way as Hasse
diagram was assoiated, the only dierene is that we add the extra vertex v0 to
diagram and onnet by arrows all verties that orresponds to maximal elements
of N with the vertex v0. More formally, QN0 = {v0, vx|x ∈ N} and Q
N
1 onsists of:
• the arrows vx → vy if x ≺ y and there are no suh z that x ≺ z ≺ y, and
• the arrows vx → v0 if there no suh z that x ≺ z.
For example for eah primitive poset N = (k1, ...km) the orresponding quiver QN
has the following form:
✛ ✛❝ ❝ q q ❝ ❝
✛
❝
q
q
q
✟✟✟✙
❍❍
❍❨
✛❝ ❝ q q ❝ ❝
v0
v
(1)
k1
v
(1)
k1−1
v
(1)
2 v
(1)
1
v
(m)
km
v
(m)
km−1
v
(m)
2 v
(m)
1
Remark 1.1. Notie that the underlying graph of the quiver QN that orresponds
to primitive poset N = (k1, . . . , km) is the tree whih denoted by Tk1+1,...,km+1.
It is obvious that eah linear representations π of the poset N = (k1, . . . , km)
denes some representation Xpi of the orresponding quiver Q
N
. Indeed, let be
given the representation
π = (V ;V
(1)
1 , . . . , V
(1)
k1
; . . . ;V
(m)
1 , . . . , V
(m)
km
)
of the poset N then the orresponding representation Xpi of quiver QN ould be
built in the following way: to eah vertex v
(j)
i we assoiate the spae V
(j)
i , Xv(j)
i
=
V
(j)
i (to the vertex v0 we assoiate the spae V , Xv0 = V ) and to eah arrow
v
(j)
i → v
(j)
i+1 we assoiate the embedding V
(j)
i →֒ V
(j)
i+1 (to the arrows v
(j)
ki
→ v0
we assoiate the embedding V
(j)
ki
→֒ V ). And vie versa every representation X
of quiver Q with underlaying graph Tk1+1,...,km+1, suh that for all ρ ∈ Q1 Xρ is
monomorphism, denes a representation of the poset N = (k1, . . . , kn):
πX = (V ;V
(1)
1 , . . . , V
(1)
k1
; . . . ;V
(n)
1 , . . . , V
(n)
kn
),
where V = Xv0 it is a representation of the the vertex v0, and V
(i)
j = Xv(i)
j
→v
(i)
j+1
·
. . . · X
v
(i)
ki
→v0
(X
v
(i)
j
) is an image of spae orresponding to the vertex v
(i)
j under
the maps that orresponds to the path from vertex v
(i)
j to vertex v0.
In fat having take the representation of poset then using onstrution above
build the representation of orresponding quiver and nally after building the
representation of orresponding poset one will get the representation whih is
isomorphi to that we start on, i.e. π ≃ πXpi in the ategory Rep(N ).
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Proposition 1.2. 1. The representations π1 and π2 of the poset N are isomorphi
if and only if the orresponding representation Xpi1 and Xpi2 of the quiver QN
are isomorphi.
2. The representation π is indeomposable if and only if the orresponding rep-
resentation Xpi is indeomposable.
Proof. 1. The morphism C : Xpi1 → Xpi2 , establish the isomorphism between
the representations of the quiver QN if and only if the linear map Cv0 is a
isomorphism between the representations π1 and π2 of N .
2. If the representation π of primitive poset N is deomposable, i.e. π ≃ π1⊕π2,
then the orresponding representation Xpi of the quiver Q = QN has the
following form: for all vi ∈ Q0 Xvi = Ui⊕Wi, for all vi → vj ∈ Q1 Xvi→vj =
Γˆi,j ⊕ Γ˜i,j , where Γˆi,j : Uj → Ui and Γ˜i,j :Wj →Wi, i.e. X is deomposable.

1.4. Finite type posets
Reall the the poset N has nite (linear) representation type if there exist only
nitely many indeomposable representation of N in Rep(N ). Result obtained by
M.M.Kleiner [2℄ gives omplete desription of the posets of nite type. In ase of
primitive posets using onnetion between posets and quivers and analogial result
for quivers (see [7℄, for instane) one an obtain desription of the primitive posets
of nite type.
Proposition 1.3. Eah primitive poset of nite type has one of the following form:
• (k) for all k ∈ N;
• (k1, k2) for all k1, k2 ∈ N;
• (k, 1, 1), for all k ∈ N;
• (2, 2, 1);
• (3, 2, 1);
• (4, 2, 1).
Proof. if
As it was shown in previous subsetion that for every representation of
primitive posets one an build the representation of orresponding quiver, non-
isomorphi representations of the poset orresponds to non-isomorphi represen-
tations of the quiver. The quivers Ak+1, Ak1+k2+1, Dk+3, E6, E7, E8 are the
orresponding quiver for the posets listed in statement. Eah of these quivers has
nitely many of non-isomorphi indeomposable representations (see [7℄), hene
the listed posets also has nitely many non-isomorphi indeomposable represen-
tations.
only if One an show that eah primitive poset that is not inluded in list
ontains subposet with orresponding extended Dynkin quiver. But this quivers
has innitely many non-isomorphi indeomposable representations (see [9, 10℄
and other for desription). We list innite series of non-isomorphi indeomposable
representations of orresponding poset:
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• for the poset (1, 1, 1, 1) (the orresponding quiver is D˜4):
V = C2 = 〈e1, e2〉;V1 = 〈e1〉, V2 = 〈e2〉, V3 = 〈e1 + e2〉, V4 = 〈e1 + λe2〉, λ 6= 0, 1;
• for the poset (2, 2, 2) (the orresponding quiver is E˜6):
V = C3 = 〈e1, e2, e3〉;
V1 = 〈e1〉, V2 = 〈e1, e2〉;V3 = 〈e3〉, V4 = 〈e2, e3〉;
V5 = 〈e1 + e2 + e3〉, V6 = 〈e1 + e2 + e3, λe1 + e2〉, λ 6= 0, 1;
• for the poset (3, 3, 2) (the orresponding quiver is E˜7):
V = C4 = 〈e1, e2, e3, e4〉;
V1 = 〈e1〉, V2 = 〈e1, e2〉, V3 = 〈e1, e2, e3〉;
V4 = 〈e4〉, V5 = 〈e3, e4〉, V6 = 〈e2, e3, e4〉;
V7 = 〈e1 + e2 + e3, λe1 + e3 + e4〉, λ 6= 0, 1;
• for the poset (5, 2, 1) (the orresponding quiver is E˜7):
V = C6 = 〈e1, e2, e3, e4, e5, e6〉;
V1 = 〈e1〉, V2 = 〈e1, e2〉, V3 = 〈e1, e2, e3〉, V4 = 〈e1, e2, e3, e4〉, V5 = 〈e1, e2, e3, e4, e5〉;
V6 = 〈e5, e6〉, V7 = 〈e3, e4, e5, e6〉;
V8 = 〈e1 + e3 + e4 + e5, λe1 + e3 + e5 + e6, e2 + e4〉, λ 6= 0, 1;
here vetors ei form basis in orresponding linear spaes.
Hene the theorem is proved. 
1.5. Coxeter funtors for representations of posets in linear spaes
Coxeter funtors for representations of quivers were studied in [12℄ for proving
Gabriel's theorem.
Similar Coxeter funtors F+, F− ating in the ategory Rep(N ) of linear
representations of posets was onstruted in [4℄. We are not going to give their full
onstrution here, but we remind some basi neessary fats.
There are funtors σ, ρ (σ2 = id, ρ2 = id) whih at between ategories
Rep(N ) and Rep(N ∗) (where N ∗ is dual to poset N ). These funtors hange
dimensions of representations by the following formulas:
(d0; d
(1)
1 , . . . , d
(1)
k1
; . . . ; d
(m)
1 , . . . , d
(m)
km
)
ρ
7−→ (
m∑
j=1
d
(j)
kj
− d0; d
(1)
k1
,
d
(1)
k1
− d
(1)
1 , . . . , d
(1)
k1
− d
(1)
k1−1
; . . . ; d
(m)
k1
, . . . , d
(m)
km
− d
(m)
km−1
);
(d0; d
(1)
1 , . . . , d
(1)
k1
; . . . ; d
(m)
1 , . . . , d
(m)
km
)
σ
7−→ (d0; d0 − d
(1)
1 , . . . , d0 − d
(1)
k1
; . . . ;
d0 − d
(m)
1 , . . . , d0 − d
(m)
km
).
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By denition F+ = ρσ, F− = σρ, hene their ation on generalized dimen-
sions ould be written as follows:
(d0; d
(1)
1 , . . . , d
(1)
k1
; . . . ; d
(m)
1 , . . . , d
(m)
km
)
F+
7−→ (
m∑
j=1
d
(j)
kj
− d0;
m∑
j=2
d
(j)
kj
− d0,
m∑
j=2
d
(j)
kj
− d0 + d
(1)
1 , . . . ,
m∑
j=2
dkj − d0 + d
(1)
k1−1
; . . . ;
m−1∑
j=1
d
(j)
kj
− d0 + d
(m)
km−1
); (1.1)
(d0; d
(1)
1 , . . . , d
(1)
k1
; . . . ; d
(m)
1 , . . . , d
(m)
km
)
F−
7−→ ((m− 1)d0 −
m∑
j=1
d
(j)
kj
; d
(1)
2 − d
(1)
1 ,
d
(1)
3 − d
(1)
1 , . . . , d
(1)
k1−1
− d
(1)
1 , d0 − d
(1)
1 ; . . . ; d
(m)
kl−1
− d
(m)
1 , d0 − d
(m)
1 ). (1.2)
Importane of these funtors is due to the following fat (see [4℄):
Any non-degenerate representation of nite type poset N is the following:
(F+)kπ, where π is degenerate.
2. Representations of posets in Hilbert spaes
In this setion we will onsider the unitary representation of the posets. We will
show how these representations onneted with ∗-representation of ertain alge-
bras that generated by projetions and linear relations. The representations of
these algebras assoiated with primitive posets ould be studied using the Coxeter
funtors, whih will allow us study unitary representations of the posets, using
similar tehnique.
2.1. Unitary representations of posets
Denote by Rep(N ,H) the sub-ategory in Rep(N ). Its set of objets onsists of
nite-dimensional Hilbert spaes and two objets π and π˜ are equivalent in Rep(N )
if there exists morphisms between them whih is unitary operator U : H → H˜ suh
that U(Hi) = H˜i (unitary equivalent). Representation π ∈ Rep(N ,H) alled irre-
duible i C∗-algebra generated by set of orthogonal projetions {Pi} on the sub-
spaes {Hi} is irreduible. Let remark that indeomposability of representation π
in Rep(N ) implies irreduibility of C∗({Pi, i ∈ N}) but onverse not true (see [11℄
for details).
The problem of lassifying all irreduible objets in ategory Rep(N ,H) be-
omes muh harder even for primitive poset N = (1, 2) it is impossible to lassify
in reasonable way all irreduible representations: indeed this lead us to lassify up
to unitary equivalene three subspae in Hilbert spae, two of whih are orthogo-
nal, but it is well-known [5℄ that suh task is ∗-wild. Hene it is natural to onsider
some additional relation.
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Let us onsider those objets π ∈ Rep(N ,H), π = (H ;H1, . . . , H2), whih
satisfy the following linear relation:
α1P1 + . . .+ αnPn = γI, (2.1)
where αi, γ are some positive real numbers. These objets form a ategory and we
will also will denote it by Rep(N ,H) (this will not make problem, ourse in the
sequel we will onsider only those representations in Hilbert spae of the posets,
whih satisfy (2.1)). If to x the weight χ = (α1, . . . , αn; γ) ∈ R
n+1
+ and onsider
only representations satisfying (2.1)) with this xed weight one obtain another
ategory Repχ(N ,H) whih is subategory in Rep(N ,H).
The surprising result of [13℄ is that in ategory Rep(N ) eah indeomposable
representation equivalent to some objet in Rep(N ,H) is brik.
2.2. Certain ∗-algebras and their representation in the ategory of Hilbert spaes
Let be given the weight χ = (α1, . . . , αn; γ) ∈ R
n+1
+ , onsider the following ∗-
algebra AN ,χ, whih is generated by n projetions and orresponds to poset N of
order n:
AN ,χ := C〈p1, p2, . . . , pn|pi = p
2
i = p
∗
i , pipj = pjpi = pi, i ≺ j,
α1p1 + . . .+ αnpn = γe〉. (2.2)
It's easy to see that every ∗-representation π of ∗-algebra AN ,χ gives us repre-
sentation of poset N in ategory Repχ(N ,H) (Hi = π(pi)), and vie versa every
representation of poset N in ategory Repχ(N ,H) generate the ∗-representation
of AN ,χ. To put it another way, ategories Repχ(N ,H) and Rep(AN ,χ) are equiv-
alent.
For primitive poset N = (k1, . . . , km) weights, for onveniene, will be denot-
ed by χ = (α
(1)
1 , . . . , α
(1)
k1
; . . . ;α
(m)
1 , . . . , α
(m)
km
; γ) and orrespondingly
AN ,χ = 〈p
(1)
1 , . . . , p
(1)
k1
, . . . , p
(m)
1 , . . . , p
(m)
km
|p
(j)2
i = p
(j)∗
i = p
(j)
i ,
p
(j)
i p
(j)
k = p
(j)
k p
(j)
i = p
(j)
i ,
m∑
j=1
kl∑
i=1
α
(j)
i p
(j)
i = γe〉. (2.3)
Under some ondition there exists isomorphisms between these algebras and ∗-
algebras AΓ,χˆ whih are assoiated with star-shaped graphs Γ = Tk1+1,...,km+1
and harater χˆ = (β
(1)
1 , . . . , β
(1)
k1
; . . . ;β
(m)
1 , . . . , β
(m)
km
; γ). ∗-Algebras AΓ,χˆ dened
in the following way:
AΓ,χˆ = 〈q
(1)
1 , . . . , q
(1)
k1
, . . . , q
(m)
1 , . . . , q
(m)
km
|q
(j)∗
i = q
(j)
i , q
(j)
i q
(j)
k = q
(j)
k q
(j)
i = δikq
(j)
i ,
l∑
j=1
kl∑
i=1
β
(j)
i q
(j)
i = γe〉. (2.4)
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Proposition 2.1. Let N be primitive poset and χ = (α
(1)
1 , . . . , α
(1)
k1
; . . . ;α
(m)
1 , . . . , α
(m)
km
; γ)
and χˆ = (β
(1)
1 , . . . , β
(1)
k1
; . . . ;β
(m)
1 , . . . , β
(m)
km
; γ) be two given weights suh that for
all j = 1, . . . ,m, i = 1, . . . , kj the following onditions hold:
β
(j)
i =
kj∑
s=i
α(j)s ,
then there exist isomorphism φ between ∗-algebras AN ,χ and AΓ,χˆ.
Proof. One an easily proof that map whih is given on generators of algebras in
the following way:
p
(j)
i
φ
7−→
i∑
s=1
q(j)s , j = 1, . . . , l, i = 1, . . . , kj ,
establishes the isomorphism between AN ,χ and AΓ,χˆ. 
The isomorphism φ an be extended to an equivalene funtor between at-
egories of representations of the algebras. Let π be representation of ∗-algebra
AΓ,χˆ then φ ◦π  representation of AN ,χ. Furthermore if π1 and π2 are equivalent
objets in Rep(AΓ,χˆ) then φ ◦ π1 and φ ◦ π2 are equivalent objets in Rep(AN ,χ).
Let as reall some denitions from [15℄:
Denition 2.2. An irreduible nite dimensional ∗-representation π of the algebra
AΓ,χˆ suh that
π(q
(j)
i ) 6= 0, j = 1, . . . ,m, i = 1, . . . , kj) and
kj∑
i=1
π(q
(j)
i ) 6= I, j = 1, . . . ,m
will be alled non-degenerate. By Rep(AΓ,χˆ) we will denote full subategory of
non-degenerate representations in the ategory Rep(AΓ,χˆ).
Objets that orespondents to subategory Rep(AΓ,χˆ) in RepAN ,χ) will be
alled non-degenerated as well. Non-degenerate representations of ∗-algebra AN ,χ
orresponds to non-degenerate representations of poset N .
If one have degenerate representation of poset N in Hilbert spae H , that is
one of the following onditions are hold:
• There exist i suh that Hi = 0 i.e. Pi = 0;
• There exist i suh that Hi = Hi−1 i.e. Pi = Pi−1;
• There exist i suh that Hi = H i.e. Pi = I
In this ase one an obtain non-degenerate representation of some subposet
of N as follows. If for some i, Pi = 0 then one automatially have representa-
tion of poset N ′ = N \ {i}. If in representation π one have Pi = Pi−1 than one
an onsider π as representation of poset N ′ where π(i − 1) = Hi = Hi−1 and∑
j∈N\{i−1,i} αjPj + (αi−1 + αi)Pi−1 = γI. And nally, if for some i π(i) =
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H one an onsider representation π as representation of N ′ for whih holds∑
j∈N ′ αjPj = (γ − αi)I.
2.3. Coxeter funtors for representations of ∗-algebras AN ,χ in ase of primitive
poset N
In work [14℄ there were developed Coxeter funtors for representations of quivers in
Hilbert spaes whih presribe so-alled 'orthosalarity' ondition. It was proved
that any irreduible representation of quiver whih underlying graph is Dynkin
diagram an be obtained from simplest ones by using this Coxeter funtors.
These funtors allows to onstrut some funtors Φ+ and Φ−, alled by Cox-
eter too, whih at on representations of algebrasAΓ,χˆ. Reall that ∗-algebrasAΓ,χˆ
and their involutive representations are studied in many reent works (see [15, 17℄
and other). Using the isomorphism φ between ∗-algebras AΓ,χˆ and AN ,χ we ob-
tain two new funtors whih we will be also denoted by Φ+ and Φ− and alled
Coxeter funtors. These funtors at from ategory Rep(AN ,χ) to Rep(AN ,χ
Φ+
)
and Rep(AN ,χΦ− ) respetively, where
χΦ+ = (γ −
k1∑
i=1
α
(1)
i , α
(1)
1 , . . . , α
(1)
k1−1
; . . . ;
γ −
km∑
i=1
α
(m)
i , α
(m)
1 , . . . , α
(m)
km−1
; (m− 1)γ −
m∑
j=1
α
(j)
kj
);
χΦ− = (α
(1)
2 , α
(1)
3 , . . . , α
(1)
k1
,
m∑
j=2
kj∑
i=1
α
(j)
i − γ; . . . ;
α
(km)
2 , . . . ,
m−1∑
j=1
kj∑
i=1
α
(j)
i − γ;
m∑
j=1
kj∑
i=1
α
(j)
i − γ).
In other words, this funtors an be onsidered as funtors from Repχ(N ,H)
to Repχ
Φ±
(N ,H). Dimensions of representations are hanged by formulas similar
to (1.2) and (1.1) respetively.
3. Unitarization of linear representations of primitive posets
This setion is devoted to the interonnetion between linear and unitary repre-
sentation of the primitive posets. Atually for primitive posets of nite type we
will obtain the omplete list of possible weights that appropriate to given inde-
omposable linear representation.
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3.1. Unitarization
Let be given the representation π ∈ Rep(N ), π = (V ;V1, . . . , Vn) of the poset
N . One say that π an be unitarized if there exists appropriate hoie of hermit-
ian struture 〈·, ·〉C in V , that orresponding projetion Pi : V → Vi satisfy the
following relation:
α1P1 + . . .+ αnPn = γI,
for some weight χ = (α1, . . . , αn; γ) ∈ R
n+1
+ , and orrespondingly we say that π
an be unitarized with weight χ if this weight is xed.
Reall that the similar notion of unitarization was provided in artile [14℄ for
the unitarization of representations of given quiver Q. It fat that work studied the
question when it is possible to dene hermitian struture of eah spae Xi, i ∈ Q0,
in suh way that in eah vertex i the following ondition satises:∑
j−→i
Xj−→iX
∗
i−→j +
∑
i−→j
X∗i−→iXj−→j = αiIXi ,
whereX∗i−→j denotes the adjoint map toXj−→i with respet to hermitian struture
in Xi and Xj . One of the results of paper [14℄ is that if Q is a Dynkin quiver then
every representation ould be unitarizable, and if Q is an extended Dynkin quiver
then there are representations that annot be unitarized.
One an obtain analogial fat for representations of primitive poset of nite
type using Coxeter funtos. Notied that it an be obtained using results from [14℄.
Proposition 3.1. Every indeomposable linear representation of primitive poset of
nite type an be unitarized with some weight.
Proof. To start with, remark that it is obvious that any one dimensional represen-
tation with dimension vetor dpi = (1; d1, . . . , dn) of any poset an be unitarized
with weight χ = (α1, . . . , αn; γ) satised trae ondition
∑
s∈N dsαs = γ. All inde-
omposable representations of primitive posets N = (k), k ∈ N and N = (k1, k2),
k1, k2 ∈ N are one-dimensional hene they ould be unitarized.
Let π be some representation of primitive poset N of nite type. There are
two possibilities: π is degenerate or π is non-degenerate. In rst ase the represen-
tation π an be onsidered as one of some subposet N ′ of N than by indution
it unitarize and orresponding unitary representation of N ′ an be restrited to
unitary representation of N whih is unitarization of π.
In the later ase representation π by theorem from [4℄ whih was mentioned in
setion 1.5 is as follows π = (F+)kπ′ that is (F−)kπ = π′ where π′ is degenerate. As
degenerate representation π′ unitarize with some weight χ′. Using funtor (Φ+)k to
orresponded unitary representation we obtain unitary representation with some
weight χ equivalent to π. That is π unitarize with weight χ. As the result we
obtain statement of the theorem and even more: this gives the algorithm whih
allows to desribe all possible weights with whih given representation of nite
type primitive poset an be unitarized. 
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Next theorem gives omplete list of all possible weights for representations
of primitive posets of nite type. In other words it desribes the set of weights
χ for every primitive poset N suh that ∗-algebra AN ,χ has indeomposable rep-
resentation in xed dimention D. Analogial result for ∗-algebras AΓ,χˆ were ob-
tained in [15℄ and following theorem an be obtained using result of [15℄ but we
did it independently. The list of weights are organized in the following way: for
eah representation of primitive poset N = (k1, . . . , kn) (whih for us is given
by generalized dimensional d = (d
(1)
1 , . . . , d
(1)
k1
; . . . ; d
(n)
1 , . . . , d
(n)
kn
; d0), sine this
gives a representation up to isomorphism) we state the ondition on weights
χ = (α1, . . . , αk1 ;β1, . . . ; γ), under whih it is possible to unitarize the linear rep-
resentation.
Theorem 3.2. For primitive poset N its linear representation with dimension D
unitarize with every weight χ for whih onditions C are satised:
1. Poset N = (1; 1; 1) ❝ ❝ ❝
Dimensions D Conditions C
(0; 0; 0; 1) γ = 0
(0; 0; 1; 1) δ = γ
(0; 1; 0; 1) β = γ
(0; 1; 1; 1) β + δ = γ
(1; 0; 0; 1) α = γ
(1; 0; 1; 1) α+ δ = γ
(1; 1; 0; 1) α+ β = γ
(1; 1; 1; 1) α+ β + δ = γ
(1; 1; 1; 2) α < γ, β < γ, δ < γ, α+ β + δ = 2γ
2. Poset N = (2; 1; 1) ❝
❝
✻
❝ ❝
Dimensions Conditions
(0, 0; 0; 0; 1) γ = 0
(0, 1; 0; 0; 1) α2 = γ
(1, 1; 0; 0; 1) α1 + α2 = γ
(0, 0; 1; 0; 1) β = γ
(0, 1; 1; 0; 1) α2 + β = γ
(1, 1; 1; 0; 1) α1 + α2 + β = γ
(0, 0; 0; 1; 1) δ = γ
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(0, 1; 0; 1; 1) α2 + δ = γ
(1, 1; 0; 1; 1) α1 + α2 + δ = γ
(0, 0; 1; 1; 1) β + δ = γ
(0, 1; 1; 1; 1) α2 + β + δ = γ
(1, 1; 1; 1; 1) α1 + α2 + β + δ = γ
(0, 1; 1; 1; 2) α2 < γ, β < γ, δ < γ, α2 + β + δ = 2γ
(1, 1; 1; 1; 2) α1 + α2 < γ, α1 + α2 < γ, β < γ, δ < γ, α1 +
α2 + β + δ = 2γ
(1, 2; 1; 1; 2) α1+α2 < γ, α2+β < γ, α2+δ < γ, α1+2α2+
β + δ = 2γ
3. Poset N = (2; 2; 1) ❝
❝
✻
❝
❝
✻
❝
Dimensions D Conditions C
(0, 0; 0, 0; 0; 1) γ = 0
(0, 1; 0, 0; 0; 1) α2 = γ
(0, 0; 0, 0; 1; 1) δ = γ
(0, 1; 0, 0; 1; 1) α2 + δ = γ
(1, 1; 0, 0; 1; 1) α1 + α2 + δ = γ
(0, 0; 0, 1; 0; 1) β2 = γ
(0, 1; 0, 1; 1; 1) α2 + β2 + δ = γ
(0, 0; 1, 1; 0; 1) β1 + β2 = γ
(0, 1; 1, 1; 0; 1) α2 + β1 + β2 = γ
(0, 0; 0, 1; 1; 1) β2 + δ = γ
(0, 0; 1, 1; 1; 1) β1 + β2 + δ = γ
(0, 1; 1, 1; 1; 1) α2 + β1 + β2 + δ = γ
(1, 1; 0, 0; 0; 1) α1 + α2 = γ
(0, 1; 0, 1; 0; 1) α2 + β2 = γ
(1, 1; 0, 1; 0; 1) α1 + α2 + β2 = γ
(1, 1; 0, 1; 1; 1) α1 + α2 + β2 + δ = γ
(1, 1; 1, 1; 0; 1) α1 + α2 + β1 + β2 = γ
(1, 1; 1, 1; 1; 1) α1 + α2 + β1 + β2 + δ = γ
(0, 1; 0, 1; 1; 2) α2 < γ, β2 < γ, δ < γ, α2 + β2 + δ = 2γ
(1, 1; 0, 1; 1; 2) α1 + α2 < γ, α1 + α2 < γ, β2 < γ, δ < γ, α1 +
α2 + β2 + δ = 2γ
(1, 2; 0, 1; 1; 2) α1 + α2 < γ, α2 + β2 < γ, α2 + δ < γ, α1 +
2α2 + β2 + δ = 2γ
(0, 1; 1, 1; 1; 2) α2 < γ, β1 + β2 < γ, β1 + β2 < γ, δ < γ, α2 +
β1 + β2 + δ = 2γ
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(1, 1; 1, 1; 1; 2) α1+α2 < γ, α1+α2 < γ, β1+β2 < γ, β1+β2 <
γ, δ < γ, α1 + α2 + β1 + β2 + δ = 2γ
(1, 2; 1, 1; 1; 2) α1 +α2 < γ, α2+ β1 + β2 < γ, α2+ β1 + β2 <
γ, α2 + δ < γ, α1 + 2α2 + β1 + β2 + δ = 2γ
(0, 1; 1, 2; 1; 2) α2+β2 < γ, β1+β2 < γ, β2+ δ < γ, α2+β1+
2β2 + δ = 2γ
(1, 1; 1, 2; 1; 2) α1 +α2 + β2 < γ, α1+α2 + β2 < γ, β1+ β2 <
γ, β2 + δ < γ, α1 + α2 + β1 + 2β2 + δ = 2γ
(1, 2; 1, 2; 1; 2) α1+α2+β2 < γ, α2+β1+β2 < γ, α2+β2+δ <
γ, α1 + 2α2 + β1 + 2β2 + δ = 2γ
(1, 2; 1, 2; 1; 3) α1 +α2 < γ, α1 +α2 + β2 + δ < 2γ, β1+ β2 <
γ, α2 + β1 + β2 + δ < 2γ, α2 + β2 < γ, α1 +
2α2 + β1 + 2β2 + δ = 3γ
(1, 2; 1, 2; 2; 3) β2 + δ < γ, α2 + β1 + 2β2 + δ < 2γ, α2 + δ <
γ, α1+2α2+β2+δ < 2γ, α1+α2+β1+β2+δ <
2γ, α1 + 2α2 + β1 + 2β2 + 2δ = 3γ
4. Poset N = (3; 2; 1) ❝
❝
❝
✻
✻
❝
❝
✻
❝
Dimensions D Conditions C
(0, 0, 0; 0, 0; 0; 1) γ = 0
(0, 0, 1; 0, 0; 0; 1) α3 = γ
(1, 1, 1; 0, 0; 0; 1) α1 + α2 + α3 = γ
(0, 0, 0; 0, 1; 0; 1) β2 = γ
(0, 0, 1; 0, 1; 0; 1) α3 + β2 = γ
(0, 1, 1; 0, 0; 0; 1) α2 + α3 = γ
(0, 1, 1; 0, 1; 0; 1) α2 + α3 + β2 = γ
(1, 1, 1; 0, 1; 0; 1) α1 + α2 + α3 + β2 = γ
(0, 0, 0; 1, 1; 0; 1) β1 + β2 = γ
(0, 0, 1; 1, 1; 0; 1) α3 + β1 + β2 = γ
(0, 1, 1; 1, 1; 0; 1) α2 + α3 + β1 + β2 = γ
(1, 1, 1; 1, 1; 0; 1) α1 + α2 + α3 + β1 + β2 = γ
(0, 0, 0; 0, 0; 1; 1) δ = γ
(0, 0, 1; 0, 0; 1; 1) α3 + δ = γ
(0, 0, 0; 0, 1; 1; 1) β2 + δ = γ
(0, 0, 1; 0, 1; 1; 1) α3 + β2 + δ = γ
(0, 1, 1; 0, 1; 1; 1) α2 + α3 + β2 + δ = γ
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(1, 1, 1; 0, 1; 1; 1) α1 + α2 + α3 + β2 + δ = γ
(0, 0, 0; 1, 1; 1; 1) β1 + β2 + δ = γ
(0, 0, 1; 1, 1; 1; 1) α3 + β1 + β2 + δ = γ
(0, 1, 1; 0, 0; 1; 1) α2 + α3 + δ = γ
(0, 1, 1; 1, 1; 1; 1) α2 + α3 + β1 + β2 + δ = γ
(1, 1, 1; 0, 0; 1; 1) α1 + α2 + α3 + δ = γ
(1, 1, 1; 1, 1; 1; 1) α1 + α2 + α3 + β1 + β2 + δ = γ
(0, 0, 1; 0, 1; 1; 2) α3 < γ, β2 < γ, δ < γ, α3 + β2 + δ = 2γ
(0, 1, 1; 0, 1; 1; 2) α2 + α3 < γ, α2 + α3 < γ, β2 < γ, δ < γ, α2 +
α3 + β2 + δ = 2γ
(0, 1, 2; 0, 1; 1; 2) α2 + α3 < γ, α3 + β2 < γ, α3 + δ < γ, α2 +
2α3 + β2 + δ = 2γ
(0, 0, 1; 1, 1; 1; 2) α3 < γ, β1 + β2 < γ, β1 + β2 < γ, δ < γ, α3 +
β1 + β2 + δ = 2γ
(0, 1, 1; 1, 1; 1; 2) α2+α3 < γ, α2+α3 < γ, β1+β2 < γ, β1+β2 <
γ, δ < γ, α2 + α3 + β1 + β2 + δ = 2γ
(0, 1, 2; 1, 1; 1; 2) α2 +α3 < γ, α3+ β1 + β2 < γ, α3+ β1 + β2 <
γ, α3 + δ < γ, α2 + 2α3 + β1 + β2 + δ = 2γ
(0, 1, 2; 1, 2; 1; 2) α2+α3+β2 < γ, α3+β1+β2 < γ, α3+β2+δ <
γ, α2 + 2α3 + β1 + 2β2 + δ = 2γ
(1, 1, 2; 0, 1; 1; 2) α1+α2+α3 < γ, α1+α2+α3 < γ, α3+ β2 <
γ, α3 + δ < γ, α1 + α2 + 2α3 + β2 + δ = 2γ
(1, 1, 2; 1, 1; 1; 2) α1+α2+α3 < γ, α1+α2+α3 < γ, α3+ β1+
β2 < γ, α3+β1+β2 < γ, α3+δ < γ, α1+α2+
2α3 + β1 + β2 + δ = 2γ
(0, 0, 1; 1, 2; 1; 2) α3+β2 < γ, β1+β2 < γ, β2+ δ < γ, α3+β1+
2β2 + δ = 2γ
(0, 1, 1; 1, 2; 1; 2) α2 +α3 + β2 < γ, α2+α3 + β2 < γ, β1+ β2 <
γ, β2 + δ < γ, α2 + α3 + β1 + 2β2 + δ = 2γ
(1, 1, 1; 0, 1; 1; 2) α1+α2+α3 < γ, α1+α2+α3 < γ, α1+α2+
α3 < γ, β2 < γ, δ < γ, α1+α2+α3+β2+ δ =
2γ
(1, 1, 1; 1, 1; 1; 2) α1 + α2 + α3 < γ, α1 + α2 + α3 < γ, α1 +
α2 + α3 < γ, β1 + β2 < γ, β1 + β2 < γ, δ <
γ, α1 + α2 + α3 + β1 + β2 + δ = 2γ
(1, 1, 1; 1, 2; 1; 2) α1 + α2 + α3 + β2 < γ, α1 + α2 + α3 + β2 <
γ, α1+α2+α3+β2 < γ, β1+β2 < γ, β2+ δ <
γ, α1 + α2 + α3 + β1 + 2β2 + δ = 2γ
(1, 1, 2; 1, 2; 1; 2) α1 + α2 + α3 + β2 < γ, α1 + α2 + α3 + β2 <
γ, α3+β1+β2 < γ, α3+β2+ δ < γ, α1+α2+
2α3 + β1 + 2β2 + δ = 2γ
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(1, 2, 2; 0, 1; 1; 2) α1+α2+α3 < γ, α2+α3+β2 < γ, α2+α3+δ <
γ, α1 + 2α2 + 2α3 + β2 + δ = 2γ
(1, 2, 2; 1, 1; 1; 2) α1+α2+α3 < γ, α2+α3+ β1 + β2 < γ, α2+
α3 + β1 + β2 < γ, α2 +α3 + δ < γ, α1 +2α2 +
2α3 + β1 + β2 + δ = 2γ
(1, 2, 2; 1, 2; 1; 2) α1 + α2 + α3 + β2 < γ, α2 + α3 + β1 + β2 <
γ, α2+α3+ β2+ δ < γ, α1+2α2+2α3+ β1+
2β2 + δ = 2γ
(0, 1, 2; 1, 2; 1; 3) α2 +α3 < γ, α2 +α3 + β2 + δ < 2γ, β1+ β2 <
γ, α3 + β1 + β2 + δ < 2γ, α3 + β2 < γ, α2 +
2α3 + β1 + 2β2 + δ = 3γ
(1, 1, 2; 1, 2; 1; 3) α1+α2+α3 < γ, α1+α2+α3 < γ, α1+α2+
α3+β2+δ < 2γ, β1+β2 < γ, α3+β1+β2+δ <
2γ, α3+β2 < γ, α1+α2+2α3+β1+2β2+δ = 3γ
(1, 2, 2; 1, 2; 1; 3) α1 + α2 + α3 < γ, α1 + α2 + α3 + β2 + δ <
2γ, α1 + α2 + α3 + β2 + δ < 2γ, β1 + β2 <
γ, α2 + α3 + β1 + β2 + δ < 2γ, α2 + α3 + β2 <
γ, α1 + 2α2 + 2α3 + β1 + 2β2 + δ = 3γ
(1, 2, 3; 1, 2; 1; 3) α1 + α2 + α3 < γ, α1 + α2 + 2α3 + β2 + δ <
2γ, α3+ β1+ β2 < γ, α2+2α3+β1+β2+ δ <
2γ, α2 + α3 + β2 < γ, α1 + 2α2 + 3α3 + β1 +
2β2 + δ = 3γ
(0, 1, 2; 1, 2; 2; 3) β2 + δ < γ, α3 + β1 + 2β2 + δ < 2γ, α3 + δ <
γ, α2+2α3+β2+δ < 2γ, α2+α3+β1+β2+δ <
2γ, α2 + 2α3 + β1 + 2β2 + 2δ = 3γ
(1, 1, 2; 1, 2; 2; 3) β2 + δ < γ, β2 + δ < γ, α3 + β1 + 2β2 + δ <
2γ, α3+δ < γ, α1+α2+2α3+β2+δ < 2γ, α1+
α2 + α3 + β1 + β2 + δ < 2γ, α1 + α2 + 2α3 +
β1 + 2β2 + 2δ = 3γ
(1, 2, 2; 1, 2; 2; 3) β2+δ < γ, α2+α3+β1+2β2+δ < 2γ, α2+α3+
β1+2β2+ δ < 2γ, α2+α3+ δ < γ, α1+2α2+
2α3+β2+δ < 2γ, α1+α2+α3+β1+β2+δ <
2γ, α1 + 2α2 + 2α3 + β1 + 2β2 + 2δ = 3γ
(1, 2, 3; 1, 2; 2; 3) α3 + β2 + δ < γ, α2 + 2α3 + β1 + 2β2 + δ <
2γ, α2+α3+ δ < γ, α1+2α2+2α3+β2+ δ <
2γ, α1+α2+2α3+β1+β2+δ < 2γ, α1+2α2+
3α3 + β1 + 2β2 + 2δ = 3γ
(1, 2, 3; 1, 2; 2; 4) α1 + α2 + α3 < γ, α1 + α2 + α3 + β2 + δ <
2γ, α1+α2+2α3+β1+2β2+δ < 3γ, α3+δ <
γ, α2+2α3+β2+δ < 2γ, α2+α3+β1+β2+δ <
2γ, α1 + 2α2 + 3α3 + β1 + 2β2 + 2δ = 4γ
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(1, 2, 3; 1, 3; 2; 4) β2+ δ < γ, α3+β1+2β2+ δ < 2γ, α2+2α3+
β1+2β2+2δ < 3γ, α2+α3+β2 < γ, α1+2α2+
2α3+β1+2β2+δ < 3γ, α1+α2+2α3+β2+δ <
2γ, α1 + 2α2 + 3α3 + β1 + 3β2 + 2δ = 4γ
(1, 2, 3; 2, 3; 2; 4) α3 + β1 + β2 < γ, α2 + 2α3 + β1 + β2 + δ <
2γ, α1 + 2α2 + 3α3 + β1 + 2β2 + δ < 3γ, α1 +
α2 + α3 + β1 + β2 + δ < 2γ, α1 + α2 + 2α3 +
β1 + 2β2 + 2δ < 3γ, α2 + α3 + β1 + 2β2 + δ <
2γ, α1 + 2α2 + 3α3 + 2β1 + 3β2 + 2δ = 4γ
5. Poset N = (4; 2; 1) ❝
❝
❝
❝
✻
✻
✻
❝
❝
✻
❝
Dimensions D Conditions C
(0, 0, 0, 0; 0, 0; 0; 1) γ = 0
(1, 1, 1, 1; 0, 0; 1; 1) α1 + α2 + α3 + α4 + δ = γ
(0, 0, 0, 0; 0, 1; 0; 1) β2 = γ
(0, 0, 0, 0; 1, 1; 1; 1) β1 + β2 + δ = γ
(0, 0, 0, 1; 0, 0; 0; 1) α4 = γ
(0, 0, 0, 0; 0, 0; 1; 1) δ = γ
(0, 0, 0, 1; 0, 0; 1; 1) α4 + δ = γ
(0, 0, 0, 0; 0, 1; 1; 1) β2 + δ = γ
(0, 0, 0, 1; 0, 1; 0; 1) α4 + β2 = γ
(0, 0, 0, 1; 0, 1; 1; 1) α4 + β2 + δ = γ
(0, 0, 0, 0; 1, 1; 0; 1) β1 + β2 = γ
(0, 0, 0, 1; 1, 1; 0; 1) α4 + β1 + β2 = γ
(0, 0, 0, 1; 1, 1; 1; 1) α4 + β1 + β2 + δ = γ
(0, 0, 1, 1; 0, 0; 0; 1) α3 + α4 = γ
(0, 0, 1, 1; 0, 0; 1; 1) α3 + α4 + δ = γ
(0, 0, 1, 1; 1, 1; 1; 1) α3 + α4 + β1 + β2 + δ = γ
(0, 1, 1, 1; 0, 0; 1; 1) α2 + α3 + α4 + δ = γ
(0, 0, 1, 1; 0, 1; 1; 1) α3 + α4 + β2 + δ = γ
(0, 1, 1, 1; 0, 1; 1; 1) α2 + α3 + α4 + β2 + δ = γ
(0, 1, 1, 1; 1, 1; 1; 1) α2 + α3 + α4 + β1 + β2 + δ = γ
(1, 1, 1, 1; 0, 1; 1; 1) α1 + α2 + α3 + α4 + β2 + δ = γ
(0, 0, 1, 1; 1, 1; 0; 1) α3 + α4 + β1 + β2 = γ
(0, 1, 1, 1; 0, 0; 0; 1) α2 + α3 + α4 = γ
(0, 0, 1, 1; 0, 1; 0; 1) α3 + α4 + β2 = γ
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(0, 1, 1, 1; 0, 1; 0; 1) α2 + α3 + α4 + β2 = γ
(0, 1, 1, 1; 1, 1; 0; 1) α2 + α3 + α4 + β1 + β2 = γ
(1, 1, 1, 1; 0, 0; 0; 1) α1 + α2 + α3 + α4 = γ
(1, 1, 1, 1; 0, 1; 0; 1) α1 + α2 + α3 + α4 + β2 = γ
(1, 1, 1, 1; 1, 1; 0; 1) α1 + α2 + α3 + α4 + β1 + β2 = γ
(1, 1, 1, 1; 1, 1; 1; 1) α1 + α2 + α3 + α4 + β1 + β2 + δ = γ
(0, 0, 0, 1; 0, 1; 1; 2) α4 < γ, β2 < γ, δ < γ, α4 + β2 + δ = 2γ
(0, 0, 1, 1; 0, 1; 1; 2) α3 + α4 < γ, α3 + α4 < γ, β2 < γ, δ < γ, α3 +
α4 + β2 + δ = 2γ
(1, 1, 1, 1; 0, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1+α2+α3+α4 < γ, α1+α2+α3+α4 <
γ, β2 < γ, δ < γ, α1+α2+α3+α4+β2+δ = 2γ
(0, 0, 1, 2; 0, 1; 1; 2) α3 + α4 < γ, α4 + β2 < γ, α4 + δ < γ, α3 +
2α4 + β2 + δ = 2γ
(0, 1, 1, 1; 0, 1; 1; 2) α2+α3+α4 < γ, α2+α3+α4 < γ, α2+α3+
α4 < γ, β2 < γ, δ < γ, α2+α3+α4+β2+ δ =
2γ
(1, 1, 1, 2; 0, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1+α2+α3+α4 < γ, α4+β2 < γ, α4+δ <
γ, α1 + α2 + α3 + 2α4 + β2 + δ = 2γ
(1, 1, 2, 2; 0, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α3+α4+β2 < γ, α3+α4+ δ < γ, α1+α2+
2α3 + 2α4 + β2 + δ = 2γ
(1, 2, 2, 2; 0, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α2 + α3 + α4 + β2 <
γ, α2+α3+α4+δ < γ, α1+2α2+2α3+2α4+
β2 + δ = 2γ
(0, 0, 0, 1; 1, 1; 1; 2) α4 < γ, β1 + β2 < γ, β1 + β2 < γ, δ < γ, α4 +
β1 + β2 + δ = 2γ
(0, 0, 1, 1; 1, 1; 1; 2) α3+α4 < γ, α3+α4 < γ, β1+β2 < γ, β1+β2 <
γ, δ < γ, α3 + α4 + β1 + β2 + δ = 2γ
(0, 0, 1, 2; 1, 1; 1; 2) α3 +α4 < γ, α4+ β1 + β2 < γ, α4+ β1 + β2 <
γ, α4 + δ < γ, α3 + 2α4 + β1 + β2 + δ = 2γ
(0, 1, 1, 1; 1, 1; 1; 2) α2 + α3 + α4 < γ, α2 + α3 + α4 < γ, α2 +
α3 + α4 < γ, β1 + β2 < γ, β1 + β2 < γ, δ <
γ, α2 + α3 + α4 + β1 + β2 + δ = 2γ
(1, 1, 1, 1; 1, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1+α2+α3+α4 < γ, α1+α2+α3+α4 <
γ, β1 + β2 < γ, β1 + β2 < γ, δ < γ, α1 + α2 +
α3 + α4 + β1 + β2 + δ = 2γ
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(1, 1, 1, 2; 1, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1 + α2 + α3 + α4 < γ, α4 + β1 + β2 <
γ, α4+β1+β2 < γ, α4+ δ < γ, α1+α2+α3+
2α4 + β1 + β2 + δ = 2γ
(0, 1, 2, 2; 0, 1; 1; 2) α2+α3+α4 < γ, α3+α4+β2 < γ, α3+α4+δ <
γ, α2 + 2α3 + 2α4 + β2 + δ = 2γ
(0, 1, 2, 2; 1, 1; 1; 2) α2+α3+α4 < γ, α3+α4+ β1 + β2 < γ, α3+
α4 + β1 + β2 < γ, α3 +α4 + δ < γ, α2 +2α3 +
2α4 + β1 + β2 + δ = 2γ
(1, 1, 2, 2; 1, 1; 1; 2) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α3 + α4 + β1 + β2 < γ, α3 + α4 + β1 + β2 <
γ, α3+α4+ δ < γ, α1+α2+2α3+2α4+β1+
β2 + δ = 2γ
(1, 2, 2, 2; 1, 1; 1; 2) α1+α2+α3+α4 < γ, α2+α3+α4+β1+β2 <
γ, α2+α3+α4+β1+β2 < γ, α2+α3+α4+δ <
γ, α1 + 2α2 + 2α3 + 2α4 + β1 + β2 + δ = 2γ
(0, 0, 0, 1; 1, 2; 1; 2) α4+β2 < γ, β1+β2 < γ, β2+ δ < γ, α4+β1+
2β2 + δ = 2γ
(0, 0, 1, 1; 1, 2; 1; 2) α3 +α4 + β2 < γ, α3+α4 + β2 < γ, β1+ β2 <
γ, β2 + δ < γ, α3 + α4 + β1 + 2β2 + δ = 2γ
(0, 0, 1, 2; 1, 2; 1; 2) α3+α4+β2 < γ, α4+β1+β2 < γ, α4+β2+δ <
γ, α3 + 2α4 + β1 + 2β2 + δ = 2γ
(0, 1, 1, 2; 0, 1; 1; 2) α2+α3+α4 < γ, α2+α3+α4 < γ, α4+ β2 <
γ, α4 + δ < γ, α2 + α3 + 2α4 + β2 + δ = 2γ
(0, 1, 1, 2; 1, 1; 1; 2) α2+α3+α4 < γ, α2+α3+α4 < γ, α4+ β1+
β2 < γ, α4+β1+β2 < γ, α4+δ < γ, α2+α3+
2α4 + β1 + β2 + δ = 2γ
(0, 1, 1, 1; 1, 2; 1; 2) α2 + α3 + α4 + β2 < γ, α2 + α3 + α4 + β2 <
γ, α2+α3+α4+β2 < γ, β1+β2 < γ, β2+ δ <
γ, α2 + α3 + α4 + β1 + 2β2 + δ = 2γ
(0, 1, 1, 2; 1, 2; 1; 2) α2 + α3 + α4 + β2 < γ, α2 + α3 + α4 + β2 <
γ, α4+β1+β2 < γ, α4+β2+ δ < γ, α2+α3+
2α4 + β1 + 2β2 + δ = 2γ
(1, 1, 1, 2; 1, 2; 1; 2) α1 + α2 + α3 + α4 + β2 < γ, α1 + α2 + α3 +
α4+ β2 < γ, α1+α2 +α3 +α4 + β2 < γ, α4+
β1 + β2 < γ, α4 + β2 + δ < γ, α1 + α2 + α3 +
2α4 + β1 + 2β2 + δ = 2γ
(0, 1, 2, 2; 1, 2; 1; 2) α2 + α3 + α4 + β2 < γ, α3 + α4 + β1 + β2 <
γ, α3+α4+ β2+ δ < γ, α2+2α3+2α4+ β1+
2β2 + δ = 2γ
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(1, 1, 1, 1; 1, 2; 1; 2) α1 + α2 + α3 + α4 + β2 < γ, α1 + α2 + α3 +
α4+ β2 < γ, α1+α2 +α3 +α4 + β2 < γ, α1+
α2 + α3 + α4 + β2 < γ, β1 + β2 < γ, β2 + δ <
γ, α1 + α2 + α3 + α4 + β1 + 2β2 + δ = 2γ
(1, 1, 2, 2; 1, 2; 1; 2) α1+α2+α3+α4+β2 < γ, α1+α2+α3+α4+
β2 < γ, α3+α4+β1+β2 < γ, α3+α4+β2+δ <
γ, α1 + α2 + 2α3 + 2α4 + β1 + 2β2 + δ = 2γ
(1, 2, 2, 2; 1, 2; 1; 2) α1 + α2 + α3 + α4 + β2 < γ, α2 + α3 + α4 +
β1 + β2 < γ, α2 + α3 + α4 + β2 + δ < γ, α1 +
2α2 + 2α3 + 2α4 + β1 + 2β2 + δ = 2γ
(0, 0, 1, 2; 1, 2; 1; 3) α3 +α4 < γ, α3 +α4 + β2 + δ < 2γ, β1+ β2 <
γ, α4 + β1 + β2 + δ < 2γ, α4 + β2 < γ, α3 +
2α4 + β1 + 2β2 + δ = 3γ
(0, 1, 1, 2; 1, 2; 1; 3) α2+α3+α4 < γ, α2+α3+α4 < γ, α2+α3+
α4+β2+δ < 2γ, β1+β2 < γ, α4+β1+β2+δ <
2γ, α4+β2 < γ, α2+α3+2α4+β1+2β2+δ = 3γ
(0, 1, 2, 2; 1, 2; 1; 3) α2 + α3 + α4 < γ, α2 + α3 + α4 + β2 + δ <
2γ, α2 + α3 + α4 + β2 + δ < 2γ, β1 + β2 <
γ, α3 + α4 + β1 + β2 + δ < 2γ, α3 + α4 + β2 <
γ, α2 + 2α3 + 2α4 + β1 + 2β2 + δ = 3γ
(0, 0, 1, 2; 1, 2; 2; 3) β2 + δ < γ, α4 + β1 + 2β2 + δ < 2γ, α4 + δ <
γ, α3+2α4+β2+δ < 2γ, α3+α4+β1+β2+δ <
2γ, α3 + 2α4 + β1 + 2β2 + 2δ = 3γ
(0, 1, 1, 2; 1, 2; 2; 3) β2 + δ < γ, β2 + δ < γ, α4 + β1 + 2β2 + δ <
2γ, α4+δ < γ, α2+α3+2α4+β2+δ < 2γ, α2+
α3 + α4 + β1 + β2 + δ < 2γ, α2 + α3 + 2α4 +
β1 + 2β2 + 2δ = 3γ
(0, 1, 2, 2; 1, 2; 2; 3) β2+δ < γ, α3+α4+β1+2β2+δ < 2γ, α3+α4+
β1+2β2+ δ < 2γ, α3+α4+ δ < γ, α2+2α3+
2α4+β2+δ < 2γ, α2+α3+α4+β1+β2+δ <
2γ, α2 + 2α3 + 2α4 + β1 + 2β2 + 2δ = 3γ
(0, 1, 2, 3; 1, 2; 1; 3) α2 + α3 + α4 < γ, α2 + α3 + 2α4 + β2 + δ <
2γ, α4+ β1+ β2 < γ, α3+2α4+β1+β2+ δ <
2γ, α3 + α4 + β2 < γ, α2 + 2α3 + 3α4 + β1 +
2β2 + δ = 3γ
(0, 1, 2, 3; 1, 2; 2; 3) α4 + β2 + δ < γ, α3 + 2α4 + β1 + 2β2 + δ <
2γ, α3+α4+ δ < γ, α2+2α3+2α4+β2+ δ <
2γ, α2+α3+2α4+β1+β2+δ < 2γ, α2+2α3+
3α4 + β1 + 2β2 + 2δ = 3γ
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(1, 1, 1, 2; 1, 2; 1; 3) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1+α2+α3+α4 < γ, α1+α2+α3+α4+β2+
δ < 2γ, β1+β2 < γ, α4+β1+β2+δ < 2γ, α4+
β2 < γ, α1+α2+α3+2α4+β1+2β2+ δ = 3γ
(1, 1, 2, 2; 1, 2; 1; 3) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1 + α2 + α3 + α4 + β2 + δ < 2γ, α1 + α2 +
α3 + α4 + β2 + δ < 2γ, β1+ β2 < γ, α3 + α4 +
β1 + β2 + δ < 2γ, α3 + α4 + β2 < γ, α1 + α2 +
2α3 + 2α4 + β1 + 2β2 + δ = 3γ
(1, 1, 2, 3; 1, 2; 1; 3) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1+α2+α3+2α4+β2+δ < 2γ, α4+β1+β2 <
γ, α3+2α4+β1+β2+ δ < 2γ, α3+α4+β2 <
γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + δ = 3γ
(1, 1, 1, 2; 1, 2; 2; 3) β2 + δ < γ, β2 + δ < γ, β2 + δ < γ, α4 + β1 +
2β2+ δ < 2γ, α4+ δ < γ, α1+α2+α3+2α4+
β2+ δ < 2γ, α1+α2+α3+α4+β1+β2+ δ <
2γ, α1 + α2 + α3 + 2α4 + β1 + 2β2 + 2δ = 3γ
(1, 1, 2, 2; 1, 2; 2; 3) β2+δ < γ, β2+δ < γ, α3+α4+β1+2β2+δ <
2γ, α3+α4+ β1+2β2+ δ < 2γ, α3+α4+ δ <
γ, α1+α2+2α3+2α4+β2+δ < 2γ, α1+α2+
α3 + α4 + β1 + β2 + δ < 2γ, α1 + α2 + 2α3 +
2α4 + β1 + 2β2 + 2δ = 3γ
(1, 1, 2, 3; 1, 2; 2; 3) α4+β2+δ < γ, α4+β2+δ < γ, α3+2α4+β1+
2β2+ δ < 2γ, α3+α4+ δ < γ, α1+α2+2α3+
2α4+β2+δ < 2γ, α1+α2+α3+2α4+β1+β2+
δ < 2γ, α1+α2+2α3+3α4+β1+2β2+2δ = 3γ
(1, 2, 2, 2; 1, 2; 1; 3) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 +
β2 + δ < 2γ, α1 + α2 + α3 + α4 + β2 + δ <
2γ, α1+α2+α3+α4+β2+ δ < 2γ, β1+β2 <
γ, α2+α3+α4+β1+β2+δ < 2γ, α2+α3+α4+
β2 < γ, α1+2α2+2α3+2α4+β1+2β2+δ = 3γ
(1, 2, 2, 3; 1, 2; 1; 3) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + 2α4 +
β2 + δ < 2γ, α1 + α2 + α3 + 2α4 + β2 + δ <
2γ, α4+β1+β2 < γ, α2+α3+2α4+β1+β2+δ <
2γ, α2 + α3 + α4 + β2 < γ, α1 + 2α2 + 2α3 +
3α4 + β1 + 2β2 + δ = 3γ
(1, 2, 2, 2; 1, 2; 2; 3) β2 + δ < γ, α2 + α3 + α4 + β1 + 2β2 + δ <
2γ, α2+α3+α4+β1+2β2+ δ < 2γ, α2+α3+
α4 + β1 + 2β2 + δ < 2γ, α2 + α3 + α4 + δ <
γ, α1 + 2α2 + 2α3 + 2α4 + β2 + δ < 2γ, α1 +
α2 + α3 + α4 + β1 + β2 + δ < 2γ, α1 + 2α2 +
2α3 + 2α4 + β1 + 2β2 + 2δ = 3γ
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(1, 2, 2, 3; 1, 2; 2; 3) α4+β2+δ < γ, α2+α3+2α4+β1+2β2+δ <
2γ, α2 + α3 + 2α4 + β1 + 2β2 + δ < 2γ, α2 +
α3 + α4 + δ < γ, α1 + 2α2 + 2α3 + 2α4 + β2 +
δ < 2γ, α1 + α2 + α3 + 2α4 + β1 + β2 + δ <
2γ, α1+2α2+2α3+3α4+ β1+2β2+2δ = 3γ
(1, 2, 3, 3; 1, 2; 1; 3) α1 +α2 +α3+α4 < γ, α1 +α2+2α3 +2α4+
β2+ δ < 2γ, α3+α4+β1+β2 < γ, α2+2α3+
2α4 + β1 + β2 + δ < 2γ, α2 + α3 + α4 + β2 <
γ, α1 + 2α2 + 3α3 + 3α4 + β1 + 2β2 + δ = 3γ
(1, 2, 3, 3; 1, 2; 2; 3) α3+α4+β2+δ < γ, α2+2α3+2α4+β1+2β2+
δ < 2γ, α2+α3+α4+ δ < γ, α1+2α2+2α3+
2α4+β2+δ < 2γ, α1+α2+2α3+2α4+β1+β2+
δ < 2γ, α1+2α2+3α3+3α4+β1+2β2+2δ = 3γ
(0, 1, 2, 3; 1, 2; 2; 4) α2 + α3 + α4 < γ, α2 + α3 + α4 + β2 + δ <
2γ, α2+α3+2α4+β1+2β2+δ < 3γ, α4+δ <
γ, α3+2α4+β2+δ < 2γ, α3+α4+β1+β2+δ <
2γ, α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ = 4γ
(1, 1, 2, 3; 1, 2; 2; 4) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 <
γ, α1 + α2 + α3 + α4 + β2 + δ < 2γ, α1 + α2 +
α3+2α4+β1+2β2+ δ < 3γ, α4+ δ < γ, α3+
2α4 + β2 + δ < 2γ, α3 + α4 + β1 + β2 + δ <
2γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ = 4γ
(1, 2, 2, 3; 1, 2; 2; 4) α1+α2+α3+α4 < γ, α1+α2+α3+α4+β2+δ <
2γ, α1+α2+α3+α4+β2+δ < 2γ, α1+α2+α3+
2α4+β1+2β2+ δ < 3γ, α4+ δ < γ, α2+α3+
2α4+β2+δ < 2γ, α2+α3+α4+β1+β2+δ <
2γ, α1+2α2+2α3+3α4+ β1+2β2+2δ = 4γ
(1, 2, 3, 3; 1, 2; 2; 4) α1 + α2 + α3 + α4 < γ, α1 + α2 + α3 + α4 +
β2+ δ < 2γ, α1+α2+2α3+2α4+ β1+2β2+
δ < 3γ, α1 + α2 + 2α3 + 2α4 + β1 + 2β2 + δ <
3γ, α3+α4+ δ < γ, α2+2α3+2α4+β2+ δ <
2γ, α2+α3+α4+β1+β2+ δ < 2γ, α1+2α2+
3α3 + 3α4 + β1 + 2β2 + 2δ = 4γ
(1, 2, 3, 4; 1, 2; 2; 4) α1+α2+α3+α4 < γ, α1+α2+α3+2α4+β2+
δ < 2γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + δ <
3γ, α3+α4+ δ < γ, α2+2α3+2α4+β2+ δ <
2γ, α2+α3+2α4+β1+β2+δ < 2γ, α1+2α2+
3α3 + 4α4 + β1 + 2β2 + 2δ = 4γ
(0, 1, 2, 3; 1, 3; 2; 4) β2+ δ < γ, α4+β1+2β2+ δ < 2γ, α3+2α4+
β1+2β2+2δ < 3γ, α3+α4+β2 < γ, α2+2α3+
2α4+β1+2β2+δ < 3γ, α2+α3+2α4+β2+δ <
2γ, α2 + 2α3 + 3α4 + β1 + 3β2 + 2δ = 4γ
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(1, 1, 2, 3; 1, 3; 2; 4) β2 + δ < γ, β2 + δ < γ, α4 + β1 + 2β2 + δ <
2γ, α3 + 2α4 + β1 + 2β2 + 2δ < 3γ, α3 + α4 +
β2 < γ, α1 + α2 + 2α3 + 2α4 + β1 + 2β2 + δ <
3γ, α1+α2+α3+2α4+β2+δ < 2γ, α1+α2+
2α3 + 3α4 + β1 + 3β2 + 2δ = 4γ
(1, 2, 2, 3; 1, 3; 2; 4) β2 + δ < γ, α4 + β1 + 2β2 + δ < 2γ, α4 + β1 +
2β2+ δ < 2γ, α2+α3+2α4+ β1+2β2+2δ <
3γ, α2+α3+α4+β2 < γ, α1+2α2+2α3+2α4+
β1+2β2+δ < 3γ, α1+α2+α3+2α4+β2+δ <
2γ, α1+2α2+2α3+3α4+ β1+3β2+2δ = 4γ
(1, 2, 3, 3; 1, 3; 2; 4) β2 + δ < γ, α3 + α4 + β1 + 2β2 + δ < 2γ, α2 +
2α3 + 2α4 + β1 + 2β2 + 2δ < 3γ, α2 + 2α3 +
2α4+ β1+2β2+2δ < 3γ, α2+α3+α4+ β2 <
γ, α1+2α2+2α3+2α4+β1+2β2+δ < 3γ, α1+
α2+2α3+2α4+β2+δ < 2γ, α1+2α2+3α3+
3α4 + β1 + 3β2 + 2δ = 4γ
(1, 2, 3, 4; 1, 3; 2; 4) α4 + β2 + δ < γ, α3 + 2α4 + β1 + 2β2 + δ <
2γ, α2+2α3 +3α4+ β1 +2β2+2δ < 3γ, α2+
α3+α4+β2 < γ, α1+2α2+2α3+3α4+β1+
2β2 + δ < 3γ, α1 + α2 + 2α3 + 2α4 + β2 + δ <
2γ, α1+2α2+3α3+4α4+ β1+3β2+2δ = 4γ
(0, 1, 2, 3; 2, 3; 2; 4) α4 + β1 + β2 < γ, α3 + 2α4 + β1 + β2 + δ <
2γ, α2 + 2α3 + 3α4 + β1 + 2β2 + δ < 3γ, α2 +
α3 + α4 + β1 + β2 + δ < 2γ, α2 + α3 + 2α4 +
β1 + 2β2 + 2δ < 3γ, α3 + α4 + β1 + 2β2 + δ <
2γ, α2 + 2α3 + 3α4 + 2β1 + 3β2 + 2δ = 4γ
(1, 1, 2, 3; 2, 3; 2; 4) α4+β1+β2 < γ, α4+β1+β2 < γ, α3+2α4+
β1 + β2 + δ < 2γ, α1 + α2 + 2α3 + 3α4 + β1 +
2β2 + δ < 3γ, α1 + α2 + α3 + α4 + β1 + β2 +
δ < 2γ, α1 + α2 + α3 + 2α4 + β1 + 2β2 + 2δ <
3γ, α3+α4+β1+2β2+δ < 2γ, α1+α2+2α3+
3α4 + 2β1 + 3β2 + 2δ = 4γ
(1, 2, 2, 3; 2, 3; 2; 4) α4+β1+β2 < γ, α2+α3+2α4+β1+β2+δ <
2γ, α2+α3+2α4+β1+β2+δ < 2γ, α1+2α2+
2α3+3α4+β1+2β2+ δ < 3γ, α1+α2+α3+
α4+β1+β2+δ < 2γ, α1+α2+α3+2α4+β1+
2β2 + 2δ < 3γ, α2 + α3 + α4 + β1 + 2β2 + δ <
2γ, α1+2α2+2α3+3α4+2β1+3β2+2δ = 4γ
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(1, 2, 3, 3; 2, 3; 2; 4) α3+α4+β1+β2 < γ, α2+2α3+2α4+β1+β2+
δ < 2γ, α1+2α2+3α3+3α4+ β1+2β2+ δ <
3γ, α1 + 2α2 + 3α3 + 3α4 + β1 + 2β2 + δ <
3γ, α1+α2+α3+α4+ β1+ β2+ δ < 2γ, α1+
α2+2α3+2α4+β1+2β2+2δ < 3γ, α2+α3+
α4+β1+2β2+ δ < 2γ, α1+2α2+3α3+3α4+
2β1 + 3β2 + 2δ = 4γ
(1, 2, 3, 4; 2, 3; 2; 4) α3 + α4 + β1 + β2 < γ, α2 + 2α3 + 2α4 + β1 +
β2+ δ < 2γ, α1+2α2+3α3+3α4+β1+2β2+
δ < 3γ, α1 + α2 + α3 + 2α4 + β1 + β2 + δ <
2γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
3γ, α2 + α3 + 2α4 + β1 + 2β2 + δ < 2γ, α1 +
2α2 + 3α3 + 4α4 + 2β1 + 3β2 + 2δ = 4γ
(1, 2, 3, 4; 1, 3; 2; 5) α1+α2+α3+α4 < γ, α1+α2+α3+α4+β2+
δ < 2γ, α1 + α2 + α3 + 2α4 + β1 + 2β2 + δ <
3γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α3 + α4 + β2 < γ, α2 + 2α3 + 2α4 + β1 +
2β2+δ < 3γ, α2+α3+2α4+β2+δ < 2γ, α1+
2α2 + 3α3 + 4α4 + β1 + 3β2 + 2δ = 5γ
(1, 2, 3, 4; 2, 3; 2; 5) α1+α2+α3+α4 < γ, α4+ β1 + β2 < γ, α3+
2α4+ β1+ β2+ δ < 2γ, α2+2α3+3α4+ β1+
2β2 + δ < 3γ, α2 + α3 + α4 + β1 + β2 + δ <
2γ, α1 + 2α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α1+α2+2α3+2α4+β1+2β2+δ < 3γ, α1+
2α2 + 3α3 + 4α4 + 2β1 + 3β2 + 2δ = 5γ
(1, 2, 3, 4; 2, 4; 2; 5) α4 + β1 + β2 < γ, α2+ α3+ α4 + β2 < γ, α1+
2α2+2α3+2α4+β1+2β2+δ < 3γ, α1+2α2+
2α3+3α4+β1+3β2+2δ < 4γ, α3+α4+β1+
2β2 + δ < 2γ, α2 + 2α3 + 3α4 + 2β1 + 3β2 +
2δ < 4γ, α1+α2+2α3+3α4+ β1+2β2+ δ <
3γ, α1+2α2+3α3+4α4+2β1+4β2+2δ = 5γ
(1, 2, 3, 4; 1, 3; 3; 5) β2 + δ < γ, α3 +α4 + δ < γ, α2 + 2α3+ 2α4 +
β2 + δ < 2γ, α1 + 2α2 + 3α3 + 3α4 + β1 +
2β2 + 2δ < 4γ, α1 + α2 + α3 + 2α4 + β2 + δ <
2γ, α1 + α2 + 2α3 + 3α4 + β1 + 3β2 + 2δ <
4γ, α2 + α3 + 2α4 + β1 + 2β2 + 2δ < 3γ, α1 +
2α2 + 3α3 + 4α4 + β1 + 3β2 + 3δ = 5γ
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(1, 2, 3, 4; 2, 3; 3; 5) α3+α4+ δ < γ, α1+α2+α3+α4+β1+β2+
δ < 2γ, α1 + α2 + α3 + 2α4 + β1 + 2β2 + 2δ <
3γ, α1 + α2 + 2α3 + 3α4 + 2β1 + 3β2 + 2δ <
4γ, α2+α3+2α4+β1+β2+δ < 2γ, α1+2α2+
3α3 + 4α4 + β1 + 2β2 + 2δ < 4γ, α2 + 2α3 +
2α4 + β1 + 2β2 + 2δ < 3γ, α1 + 2α2 + 3α3 +
4α4 + 2β1 + 3β2 + 3δ = 5γ
(1, 2, 3, 4; 2, 4; 3; 5) α4 + β2 + δ < γ, α3 + 2α4 + β1 + 2β2 + δ <
2γ, α2+2α3 +3α4+ β1 +2β2+2δ < 3γ, α1+
2α2 + 3α3 + 4α4 + β1 + 3β2 + 2δ < 4γ, α2 +
α3+α4+β1+2β2+ δ < 2γ, α1+2α2+2α3+
3α4 + 2β1 + 3β2 + 2δ < 4γ, α1 + α2 + 2α3 +
2α4 + β1 + 2β2 + 2δ < 3γ, α1 + 2α2 + 3α3 +
4α4 + 2β1 + 4β2 + 3δ = 5γ
(1, 2, 3, 4; 2, 4; 3; 6) β2+ δ < γ, α4+β1+2β2+ δ < 2γ, α3+2α4+
β1 + 2β2 + 2δ < 3γ, α2 + 2α3 + 3α4 + β1 +
3β2 + 2δ < 4γ, α2 + α3 + α4 + β1 + β2 + δ <
2γ, α1 + 2α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α1+α2+2α3+2α4+β1+2β2+δ < 3γ, α1+
2α2 + 3α3 + 4α4 + 2β1 + 4β2 + 3δ = 6γ
(1, 2, 3, 5; 2, 4; 3; 6) α4 + β1 + β2 < γ, α3 + 2α4 + β1 + β2 + δ <
2γ, α2+2α3+3α4+β1+2β2+δ < 3γ, α1+2α2+
3α3+4α4+2β1+3β2+2δ < 5γ, α1+α2+α3+
2α4+β2+ δ < 2γ, α1+α2+2α3+3α4+β1+
3β2+2δ < 4γ, α2+α3+2α4+β1+2β2+2δ <
3γ, α1+2α2+3α3+5α4+2β1+4β2+3δ = 6γ
(1, 2, 4, 5; 2, 4; 3; 6) α3 + α4 + δ < γ, α2 + 2α3 + 2α4 + β2 + δ <
2γ, α1 + 2α2 + 3α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α1 + 2α2 + 3α3 + 4α4 + β1 + 3β2 + 3δ <
5γ, α3 + α4 + β1 + 2β2 + δ < 2γ, α2 + 2α3 +
3α4 + 2β1 + 3β2 + 2δ < 4γ, α1 + α2 + 2α3 +
3α4+β1+2β2+δ < 3γ, α1+2α2+4α3+5α4+
2β1 + 4β2 + 3δ = 6γ
(1, 3, 4, 5; 2, 4; 3; 6) α2+α3+α4+β2 < γ, α1+2α2+2α3+2α4+
β1+2β2+ δ < 3γ, α1+2α2+2α3+3α4+β1+
3β2 + 2δ < 4γ, α1 + 2α2 + 3α3 + 4α4 + 2β1 +
4β2 + 2δ < 5γ, α2 + α3 + 2α4 + β1 + β2 + δ <
2γ, α1 + 2α2 + 3α3 + 4α4 + β1 + 2β2 + 2δ <
4γ, α2+2α3 +2α4+ β1 +2β2+2δ < 3γ, α1+
3α2 + 4α3 + 5α4 + 2β1 + 4β2 + 3δ = 6γ
26 Roman Grushevoy and Kostyantyn Yusenko
(2, 3, 4, 5; 2, 4; 3; 6) α1+α2+α3+α4+β1+β2+δ < 2γ, α1+α2+
α3+2α4+β1+2β2+2δ < 3γ, α1+α2+2α3+
3α4+2β1+3β2+2δ < 4γ, α1+2α2+3α3+4α4+
2β1+3β2+3δ < 5γ, α1+α2+2α3+2α4+β2+
δ < 2γ, α1+2α2+3α3+3α4+β1+3β2+2δ <
4γ, α1 + 2α2 + 2α3 + 3α4 + β1 + 2β2 + δ <
3γ, 2α1+3α2+4α3+5α4+2β1+4β2+3δ = 6γ
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